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1  Abstract 

y  . 

In  this  paper  we  present  efficient,  exact  algorithms  for  the  problems  of  output  encoding, 
state  assignment  and  four-level  Boolean  minimization.  All  previous  automatic  approaches 
to  encoding  problems  have  involved  the  use  of  heuristic  techniques.  Other  than  the 
straightforward,  exhaustive  search  procedure,  no  exact  solution  methods  have  been 
proposed. 

The  problems  of  output  encoding  and  state  assignment  targeting  two-level  logic 
implementations  involve  finding  appropriate  binary  codes  for  the  symbolic  outputs  or  states 
so  a  minimum  number  of  product  terms  results  after  two-level  Boolean  minimization.  A 
straightforward,  exhaustive  search  procedure  requires  0(N!)  exact  Boolean  minimizations, 
where  N  is  the  number  of  symbolic  outputs  or  states.  We  propose  a  novel  minimization 
procedure  of  prime  implicant  generation  and  covering  that  operates  on  symbolic  outputs, 
rather  than  binary-valued  outputs,  for  solving  the  output  encoding  problem.  An  exact 
solution  to  this  minimization  problem  is  also  an  exact  solution  to  the  encoding  problem. 
While  our  covering  problem  is  more  complex  than  the  classic  unate  covering  problem,  a 
single  logic  minimization  step  replaces  0(N!)  minimizations. 

The  input  encoding  problem  can  be  exactly  solved  using  multiple-valued  Boolean 
minimization.  We  present  an  exact  algorithm  for  state  assignment  by  generalizing  our 
output  encoding  approach  to  the  multiple-valued  input  case,  (p-'jj  1 

Four-level  Boolean  minimization  entails  finding  a  cascaded  pair  of  two-level  logic  functions 
that  implement  another  logic  function,  such  that  the  sum  of  the  product  terms  in  the  two 
cascaded  functions  or  truth-tables  is  minimum.  Four-level  Boolean  minimization  can  be 
formulated  as  an  encoding  problem  and  solved  exactly  using  our  algorithms. 

We  present  preliminary  experimental  results  which  indicate  that  medium-sized  problems 
can  be  solved  exactly.  Computationally  efficient  heuristic  approaches  based  on  the  exact 
algorithms  are  proposed  for  output  encoding,  state  assignment  and  four-level  Boolean 
minimization. 
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Abstract 

In  this  paper,  we  present  efficient,  exact  algorithms  for  the 
problems  of  output  encoding,  state  assignment  and  four-level 
Boolean  minimization.  All  previous  automatic  approaches  to 
encoding  problems  have  involved  the  use  of  heuristic  tech¬ 
niques.  Other  than  the  straightforward,  exhaustive  search 
procedure,  no  exact  solution  methods  have  been  proposed. 

The  problems  of  output  encoding  and  state  assignment 
targeting  two-level  logic  implementations  involve  finding  ap¬ 
propriate  binary  codes  for  the  symbolic  outputs  or  states 
so  a  minimum  uumlier  of  product  terms  results  after  two- 
level  Boolean  minimization.  A  straightforward,  exhaustive 
search  procedure  requires  0(.Y!)  exact  Boolean  minimiza¬ 
tions.  where  jX  is  the  uumbei  of  symbolic  outputs  or  states. 
We  propose  a  novel  minimization  procedure  of  prime  t mplt- 
cant  generation  and  covering  that  operates  on  symbolic  out¬ 
puts.  ratliei  than  binary-valued  outputs,  for  solving  the  out¬ 
put  encoding  problem.  An  exact  solution  to  this  minimiza¬ 
tion  problem  is  also  an  exact  solution  to  the  encoding  prob¬ 
lem.  While  oui  covering  problem  is  moie  complex  than  the 
classic  uuate  covering  problem,  a  single  logic  minimization 
st ep  replaces  0(.Y!)  minimizations. 

The  input  encoding  problem  can  lie  exactly  solved  using 
multiple-valued  Boolean  minimization.  We  present  an  exact 
algorithm  for  state  assignment  by  generalizing  our  output 
encoding  approach  to  the  multiple- valued  input  case. 

Four-level  Boolean  minimization  entails  finding  a  cascaded 
pair  of  two-level  logic  functions  that  implement  another  logic 
function,  such  that  the  sum  of  the  pioduct  terms  in  the 
two  cascaded  functions  or  truth-tables  is  minimum.  Four- 
level  Boolean  minimization  can  be  formulated  as  an  encoding 
problem  and  solved  exactly  using  our  algorithms. 

We  pieseut  preliminary  experimental  results  which  indicate 
that  medium- sized  problems  can  be  solved  exactly.  Compu¬ 
tationally  efficient  heuristic  approaches  based  on  the  exact 
algorithms  are  proposed  for  output  encoding,  state  assign¬ 
ment  and  four-level  Boolean  minimization. 

1  Introduction 

Encoding  problems  in  switching  theory  include  the  input  encoding  and 
output  encoding  problems  which  involve  (he  assignment  of  binary  codes 
to  syniliolic  inputs  and  outputs  so  as  to  minimize  a  given  cost  function 
(typically,  the  area  of  the  resulting  logic  network).  State  aaeignment, 
one  of  the  oldest  problems  in  automata  theory,  is  also  an  encoding 
problem.  If  we  view  the  State  Transition  Tsble  (STT)  of  a  finite  stale 
machine  (FSM)  at  a  truth-table  with  a  symbolic  input  corresponding 
to  the  present  states  and  a  symbolic  output  corresponding  to  the  next 
states,  then  state  assignment  can  be  teen  as  an  input-output  encod¬ 
ing  problem  for  the  truth-table.  This  encodiug  problem  has  associated 
constraints  on  the  equality  of  rodes  that  are  assigned  to  the  input  and 
output  symbols  (symlvoh  that  correspond  to  the  same  symbolic  state  in 
the  sequential  machine).  Depending  on  I  he  targeted  implementation, 
the  goal  of  the  encodiug  step,  be  it  input  or  output  eucodiug  or  slate 
assignment,  varies. 


Encoding  problems  are  difficult  because  they  typically  have  to  model 
a  complicated  optimization  step  that  follows.  For  instance,  if  we 
have  symbolic  truth-tables  like  those  in  Figure  1.  which  arc  to  be 
implemented  in  PLA  form,  one  wishes  to  code  the  trip],  ...  inp.V 
(otifl.  ...  outM )  so  as  to  minimize  the  numlier  of  product  terms  (or 
the  area)  of  the  resulting  PLA  tfUr  two-level  Boolean  minimization. 
A  straightforward,  exhaustive  search  technique  to  find  a  optimum  en¬ 
coding  would  require  O(A'I)  ( ( Of  A/ ! ) )  cruet  two- lev  el  Boolean  mini- 
mizalions.  Two-Irvel  Boolean  minimization  algorithms  arc  very  well 
developed  —  the  programs  ESPRESSO-EXACT  [J 4]  and  MrBOOLE 
|4]  minimize  large  functions  exactly  within  reasonable  amounts  of  CPl; 
time.  However,  the  niiwfarof  required  minimizations  makes  an  exhaus¬ 
tive  search  approach  to  optimum  encoding  infeasible  for  anything  but 


allesi  problem! 

10 

inpl 

1010 

0001 

outl 

01 

inpl 

0110 

00-0 

OUt2 

10 

inp2 

1010 

0011 

out2 

-1 

inp2 

1011 

0100 

out3 

1- 

Inp3 

0110 

1000 

out3 

0- 

inp3 

1001 

1011 

out4 

-- 

inp4 

0010 

1111 

out5 

-- 

inp5 

1101 

(a) 

(b) 

Figure  1:  Symbolic  Covers 

Early  approaches  to  slate  assignment  (e.g.  (l).  [9],  [71.  [19])  targeted 
sum-of- products  implementations  of  finite  stale  machines.  Heuristic 
search  methods  attempted  to  produce  a  stale  encoding  that  minimized 
the  uumlier  of  product  terms  in  the  resulting  truth-table  or  die  nttmlx-r 
of  gales  in  the  resulting  two-level  network.  More  recently,  multi-level 
combine) iottal  logic  implementations  have  been  targeted  [5]  [2U], 

lit  [13].  it  w  as  shown  that  the  input  encoding  problem,  when  the  objec¬ 
tive  is  to  minimize  the  number  of  product  terms  in  the  eventual  PLA. 
can  be  solved  exactly  by  means  of  an  exact  multiple- valued  Boolean 
minimization.  A  minimum  cardinality  cover  equal  to  the  cardinality  of 
a  one-hot  coded  cover  is  obtained  and  the  number  of  bits  required  to 
rode  llte  symbolic  inputs  can  lie  minimized  as  a  secondary  objective. 
The  program  KISS  [13]  approximates  the  stale  assignment  algorithm 
as  one  of  input  encoding  and  provinces  FSMs  implemented  a'  PLA' 
wltose  product  term  cardinality  is  no  greater  than  that  of  a  one-hot 
coded  FSM.  However,  sittre  the  next  slate  apace  is  completely  ignored, 
no  guarantees  as  to  the  global  optimality  of  the  result  for  the  original 
slate  assignment  problem  ran  be  made. 

Optimum  state  assignment  requires  the  optimum  integration  of  input 
and  output  encoding  algorithms.  Unfortunately,  no  exact  methods  for 
output  encoding  (other  than  the  trivial  exhaustive  search  method)  have 
been  proposed  to  date.  Heuristic  output  encoding  strategies  (e.g  [12], 

116])  nave  been  proposed  and  used  in  conjunction  with  the  approach  in 
13]  to  state  assignment. 

The  problem  of  minimising  a  cascaded  chain  of  linked  PLAs.  multi¬ 
level  Boolean  minimisation,  is  one  of  great  theoretical  and  practical 
interest.  Several  heuristic  mrlhods  involv  ing  algebraic  and  Boolean  de¬ 
composition  techniques  have  been  propoaed  (e.g.  [I],  (8).  [6]).  An  ex¬ 
act  factorization  algorithm  for  single-output  functions  was  propoard  in 
(10].  In  [0].  the  problem  of  derompoaiug  a  given  two-level  function  into 
a  raaradetl  pair  of  two-level  functions  was  |>oaed  as  an  encoding  prolv 
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leni  (similar  10  that  of  slate  assignment )  and  solved  heunsticalh .  Hie 
method  was  inexart  because  the  associated  output  encoding  problem 
could  not  be  solved  exactly. 

lu  this  paper,  we  present  an  exact  algorithm  for  output  encoding. 
The  algorithm  finds  an  encoding  that  minimizes  the  number  of  product 
terms  in  an  optimized  PLA  implementation.  The  algorithm  consists  of 
the  following  steps: 

1.  Generation  of  generalized  prime  implirants  (GPls)  from  the  original 
symbolic  cover. 

2.  Solution  of  a  constrained  covering  problem  involving  the  selection 
of  a  minimum  number  of  GPls  that  form  an  encode&ble  cover. 

3.  Encoding  of  the  symbolic  outputs  respecting  the  eucodiug  con¬ 
straints  generated  during  Step  2 

4.  Given  the  codes  of  the  symbolic  outputs  and  the  selected  GPls,  a 
PLA  with  product  term  cardinality  equal  to  the  number  of  GPls 
can  be  trivially  constructed.  This  PLA  represents  an  exact  solution 
to  the  encoding  problem. 

Various  techniques  to  generate  GPls  that  are  modifications  to  classical 
prime  implicaut  generation  techniques  can  be  used  in  Step  1.  The  cover¬ 
ing  problem  of  Step  2  is  more  complex  t  han  the  unate  covering  problem 
and  hence  classical  covering  algorithms  cannot  be  directly  used.  Step 
3  involves  constrained  encoding  where  the  objective  is  to  minimize  the 
miu)l*r  of  encoding  bits  required  to  satisfy  the  constraints.  This  step  is 
also  NP-compleie.  However,  our  focus  here  is  to  exactly  minimize  PLA 
product  term  cardinality  and  heuristically  minimize  PLA  area. 

\\>  have  also  develojred  an  exact  state  assignment  algorithm  that 
has  essentially  the  same  structure  as  the  above  procedure.  In  the  state 
assignment  case,  the  present  slates  are  represented  as  different  values  of 
a  single  mull iple- valued  variable  (a *  in  [13]).  The  covering  problem  is 
more  complex  t  han  in  t  lie  out  pul  encoding  case  and  so  is  the  constrained 
encoding  problem.  We  use  the  formulation  of  [Gj  to  pose  the  problem 
of  four-level  Boolean  minimization  as  one  of  input-output  encoding  and 
give  an  exact  solution  similar  to  our  stale  assignment  algorithm. 

In  Section  2.  basic  definitions  and  notations  used  are  given.  The 
exact  output  encoding  algorithm  is  described  in  Section  3.  We  give 
theorem*  that  prove  the  correctness  of  the  procedure.  The  procedure  is 
generalized  for  the  problems  of  state  assignment  and  four-level  Boolean 
minimization  in  Section*  4  and  5.  Pruning  heuristics  that  can  be  used 
in  the  exact  solution  of  the  different  covering  problems  resulting  in  the 
output  encoding,  state  alignment  and  font-level  Boolean  minimization 
ca*es  are  described  in  Section  G.  Techniques  for  the  creation  of  reduced 
prime  implicaut  table*  are  al*o  described.  Heuristic*  to  minimize  (lie 
number  of  encoding  bit*  used  ate  touched  upon  in  Section  7.  Output 
encoding  with  a  bound  on  the  numbei  of  encoding  bits  is  formulated  as 
a  Boolean  satisfiability  problem.  Preliminary  experimental  results  are 
presented  in  Section  8.  output  encoding  can  be  handled. 

2  Preliminaries 

Lei  B  =  (0.  1}.  )  =  (0.  1.  2).  A  logic  (Boolean,  switching) 

function  //  in  n  input  variables.  Xj.  xj...  x„.  and  w  output  variables. 
,t/t-  Vi- -  !/<».  i*  *  function 

f/  :B"  - 

where  x  =  [x,.  ..  x„]  €  B"  is  the  input  and  p  -  [j/|.  ..  y„>]  €  )  is 
the  output  of  / /.  B"  is  the  Boolean  n-space  associated  with  the  func¬ 
tion//.  Note  that  in  addition  to  the  usual  values  of  0  aud  1.  the  outputs 
y,  ntav  also  take  the  don’t  care  value  2  (or  -).  Such  functions  are 
called  incompletely  specified  logic  functions.  A  completely  spec¬ 
ified  function  /  is  a  logic  function  taking  values  in  <0,  l)m,  i.e.. 
all  the  values  of  the  input  map  into  0  or  I  for  all  the  components  of 
/.  For  each  component  of  an  incomplete!.'  specified  logic  function  //. 
//,.  i  =  1.  ..  rn.  one  can  define:  the  ON-*et,  X,°*  C  Bn,  the  set 
of  input  values  x  such  that  /  /,  ( x )  =  1.  the  OFF-set,  X,orr ,  the  set 
of  values  such  that  / /, ( x )  =  0  and  the  don’t  care  set  X,DC ,  the  set 
of  values  such  that  //,(x)  =  2.  A  logic  function  with  m  =  1  is  called  a 
single-output  function,  while  m  >  1.  it  is  called  a  multiple-output 
function. 

A  cube  in  a  Boolean  n-spare  associated  with  a  logic  function.  /, 
ran  be  specified  by  its  vertices  and  by  an  index  indicating  to  which 
components  of  /  it  tv-longs.  An  input  cube  r  is  specified  by  a  row 
vector  r  =  [C|.  ..  c„j  where  each  input  variable  takes  on  one  of  three 
values  0.  I  or  2  (or  A  2  in  the  rube  is  a  don't  care  input,  which 
means  that  the  input  ran  take  the  values  of  either  0  or  1.  For  example. 

I  he  rube  002  is  equal  to  the  union  of  I  he  rubes  00 1  and  000.  A  m  interm 
is  a  rube  with  only  0  and  1  entries.  Cube*  can  aJao  be  claasified  based 
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Figure  2:  Possible  Encoding*  of  !  lie  Symbolic  Output 


on  tbe  numljer  of  2  entries  in  llie  cube.  A  rube  with  L  nitric*  ot  bi«* 
which  take  (he  value  2  is  called  a  i-cube  A  miiiterm  thus  is  a  0-cube 

A  cube  c i  is  said  to  cover  (contain}  another  cube  ej.  if  each  enm 
of  Ci  is  equal  to  the  corresponding  entry  of  r2  or  is  equal  to  2.  The 
supercube  of  a  set  of  rul>es  is  (lie  smallest  cube  that  cover*  each  rub*- 
in  the  set.  A  minterm  m,  is  said  to  dominate  another  mininm  w2 
(written  as  tiij  D  »»ij)  if  for  each  bit  position  in  (he  second  minterm  that 
cont-ains  a  1.  the  corresponding  bit  position  in  the  first  minterm  al*r> 
cont-ains  a  1.  Minterm  in2  is  dominated  by  ru|  (written  a*  w2  C  m,> 
The  conjunction  of  two  minterm*  is  the  bitwise  OH  (w ritlen  a*  |  oi  U  - 
of  the  two  minterms.  The  disjunction  of  two  miiiiemts  is  1  lie  bitwise- 
AND  (written  as  O)  of  the  two  minterm*. 

A  logic  function  may  have  multiple- valued  or  symbolic  input  vari¬ 
able*  and  symlxdir  output  variable*  as  in  Figure  1.  A  symlxdir  input 
or  output  variable  lake*  on  symbolic  values. 

A  finite  state  machine  i*  represented  by  it*  State  Transition  Graph 
(STG)  or  State  Transition  Table  (STT).  Cl  1.  E.  U  (£})  "lien-  \  i* 
t  he  set  of  venire*  corresponding  to  the  set  of  state*  5.  w  here  ||.Sji  =  \  ^ 
is  the  cardinality  of  the  set  of  state*  of  the  FSM.  an  edge  (rt,  r; )  join* 
v,  to  t’j  if  there  is  a  primary  input  (hat  causes  the  FSM  lo  evolve  fium 
state  r,  to  stale  r;.  and  U’(E')  is  a  set  of  labels  attached  to  each  edp. 
each  label  carrying  the  information  of  the  value  of  the  input  that  ran*.  .1 
that  transition  and  the  value*  of  the  primary  out  put*  corte*pon<lmg  to 
that  transition.  In  general,  the  II  (£*)  label*  are  cube*  or  minlrtm* 

3  Output  Encoding 

3.1  Introduction 

Tin-  oul pul  encoding  problem  entail-,  finding  binaiy  cod.  - foi  syinlailir 
Output*  in  a  snitching  fund  ion  ns  a*  lo  minimize  t  he  aten  ot  an  e'stimai. 
of  t fir  area  of  tlir  rncodrd  and  optinrzor'  lojm  funrtioi  Heie.  v.  ai. 
concrrnrd  with  two-le'el  or  FLA  implem.  illations  of  log,.  .ml  limr. 
t  fir  optimization  slrp  I  ha  I  follows  encoding  is  one  of  two-le'el  Boolean 
minimization 

An  arbitrary  out  pul  encoding  of  the  function  shown  in  Figure  |(li).  i- 
Shown  in  Figure  2(a).  Tlir  encoded  cover  is  now  a  multiple-output  logic 
function.  This  function  can  In-  minimized  using  standard  two-|e\el  |0«zir 
minimization  algorithms.  These  algorithms  exploit  the  sharing  lietween 
the  different  outputs  so  as  to  produce  a  minimum  cover  It  is  eas,  loser 
that  an  encoding  such  as  the  one  in  Figure  2(b).  where  each  syuiliohr 
value  corresponds  to  a  se|»rate  output,  can  have  no  sharing  between 
the  outputs.  Optimizing  the  function  of  Figure  2(b)  would  produce  a 
function  with  a  nuniln-r  of  product  terms  equal  to  the  total  number  of 
produrt  terms  produced  by  thtjoiullf  minimizing  each  of  the  ON-sels  of 
the  symbolic  values  of  Figure  1( l>).  This  cardinality  is  typically  far  from 
the  minimum  cardinality  achievable  via  an  encoding  that  litaximally 
exploits  sharing  relationship 

3.2  Review  of  Previous  Work 

Some  heurist  ic  a|>proaclies  to  solving  the  oul  put  encoding  problem  lia\ . 
been  taken  in  the  past  (e.g.  [12).  [IGJ).  The  program  CAPPI'CINO  |I2] 
attempts  to  minimize  the  number  of  produrt  terms  in  a  PLA  implemen¬ 
tation  and  secondarily  the  uumlzer  of  encoding  bit*. 

The  algorithm  in  C'APPI'CINO  is  based  on  exploiting  kowiaaiicr  re¬ 
lationships  between  the  binary  codes  assigned  to  different  values  of  s 
symbolic  output.  For  instance,  iu  the  example  of  Figure  1(b).  if  the 
symbol  ...  out  I  is  given  a  binary  code  110  which  dominates  the 
binary  vie  lr-:  assigned  to  oul 2.  tlien  llte  input  cubes  corresponding 
to  ou/1  •'  '>  ,sed  ss  don't  cares  for  minimizing  the  inpif  rube*  of 

ou!2.  I'siii^,  cdon't  cares  rail  reduce  tlie  cardinality  of  the  ON-sel  of 
the  symbolic  value  oul 2.  In  CAPPI'CINO.  dominance  relationship  Ire- 
tween  symbolic  values  that  result  in  maximal  reduction  of  the  ON-sels 
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Figure  3:  Dominance  and  Conjunctive  Relationships 


of  the  dominated  symbolic  values  are  heoristicalh  constructed.  Satis¬ 
fying  these  dominance  relationships  (which  should  not  conflict)  results 
in  some  reduction  of  the  overall  cover  cardinality  Minimum  cardinality 
cannot  be  guaranteed  because  all  possible  dominance  relations  are  not 
explored,  nor  is  an  optimum  set  selected.  A  more  basic  shortcoming  is 
that  dominance  relation*  are  not  the  only  kind  of  relationships  between 
symbolic  values  that  ca*  be  exploited.  After  a  symbolic  cover  has  been 
encoded,  it  represents  a  multiple-output  logic  function  and  minimizing 
a  multiple-output  function  eut-ails  exploiting  other  sharing  relationships 
than  just  dominance. 

3.3  Conjunctive  Relationships 

C'on«idei  t lie  symbolic  co\ei  of  Figure  3(a).  The  function  has  one  sym¬ 
bolic  output  and  one  binary-valued  output.  Using  dominance  relation¬ 
ship  alone  in  an  encoding,  it  is  not  possible  to  reduce  the  size  of  any 
of  the  ON-sets  of  the  symbolic  values.  One  such  encoding  is  shown  in 
Figure  3(b).  with  oul  1  given  the  binary  code  00.  ot//2  given  01  and  out 3 
given  11.  However,  if  we  code  outl  with  1 1.  out '2  with  01  and  0«/3  with 
10  a*  in  Figure  3(c).  we  obtain  a  reduction  in  cover  cardinality  after 
minimization  (Figure  3(d)).  Note  that  in  a  dominance  relationship,  the 
ON-set  of  the  dannmiiut sy  mbolir  value  i*  reduced.  However,  in  Figure 
3(c)  and  3(d).  it  is  in  fact  the  domwolivg  *\  mholic  value,  ouil,  who*c 
ON-set  cardinality  has  been  reduced  from  I  to  0  This  is  because  of 
the  (hajuitrtin  rilnUonnhif*  between  the  cotie*  of  oul 2.  oul 3  and  ouil. 
out  l  =  out 2  |  oi/f3  and  lienee  the  O  V*et  of  out  l  can  he  reduced  using 
i he  ON-set  of  onf'2  and  out 3.  Ju*i  making  otiH  dominate  out 2  and  oi/t3 
is  not  enough,  the  cotie  of  out l  has  to  be  (he  conjunction  (bitwise  OR) 
of  the  codes  of  ou/2  and  out 3.  Exploiting  these  relationship  is  basic 
to  a  muh  iple-out put  logic  minimize!  and  hence  an  exact  encoding  algo¬ 
rithm  ha*  to  take  into  account  these  relationship  in  order  to  produce 
a  minimum  cardinality  cover  after  optimization.  Conjunctive  relations 
may  involve  any  mtml>er  of  symbolic  value*  For  instance,  the  code  of 
a  symbolic  value  may  be  the  bitwise  OR  of  thiee  other  symbolic  value 
codes. 

Enumerating  dominance  or  disjunctive  relationship*  is  very  time- 
consuming.  Finding  the  reduction  in  cover  cardinality  that  can  he 
accrued  via  an  encoding  satisfying  each  dominance  or  disjunctive  rela¬ 
tionship  requires  an  exact  logic  minimization.  Also,  these  relationship* 
interact  in  complex  ways  and  their  effect*  are  not  simply  cumulative. 
To  solve  the  output  encoding  problem  efficiently  and  exactly,  we  have 
to  modify  the  prime  implicant  generation  and  covering  strategies  that 
are  basic  to  two-level  Boolean  minimization. 


3.4  An  Exact  Algorithm  for  Output  Encoding 

In  this  section,  we  present  mi  exact  algorithm  for  output  encoding  that 
guarantees  a  minimum  cardinality  encoded  cover.  As  described  briefly 
in  Section  1.  this  algorithm  is  s  four-step  procedure.  These  steps  are 
described  in  detail  in  the  remainder  of  the  section. 

We  are  given  a  symbolic  cover  S  with  a  single  symbolic  output  (see 
Section  3.6  for  generalization  to  the  multiple  symbolic  output  case).  The 
different  symbolic  values  are  denoted  rt.  ...  r/v.  The  ON-sels  of  the  r, 
are  denoted  C,.  Each  O,  is  a  set  of  D,  minterms  { m, i .  ..  m,p,  J.  Each 
minterm  m.y  baa  a  tag  sa  to  vital  symbolic  value's  ON-set  it  belongs 
to.  Note  that  a  minterm  ran  only  belong  to  a  single  symbolic  value's 
ON-set.  Minterms  are  commonly  called  0-cubes. 

3.4.1  Ganaration  of  Generalised  Prime  Impli cants 

The  generation  of  generalized  prime  implirants  (GPU)  proceeds  as  in 
the  veil-known  Quine-McCluskey  (Q-M)  procedure  |11).  with  some  dif- 
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Figure  4:  Generation  of  Generalized  Prime  Implicant* 


ferenees. 

i-cubes  are  constructed  by  merging  all  pairs  of  mergeable  0-rubes  If 
two  0-cubes  with  the  same  tag.  ( «■, ).  are  merged  then  the  1-cnbe  lias  t  lie 
same  tag  ( r  , ).  On  the  ol  her  hand,  if  a  0-cube  of  tag  (r, )  is  merged  wit  h 
a  0-cube  with  tag  (r,  ).  the  resultant  1-cube  has  a  tag  ( r, .  rj ).  The  rule 
for  canceling  0-cubes  covered  by  I-cubes  is  also  different  from  (he  Q-M 
method.  A  0-cube  can  be  canceled  by  a  1-cube  if  and  only  if  their  rat* 
are  identical.  A  1-cube  II—  with  tag  (r'|.  r. )  cannot  cancel  a  0-cube 
110  with  tag  (rt). 

The  above  can  be  generalized  to  the  1-cube  case. 

1.  When  two  1-cubes  merge  to  form  a  1+  1-cube,  the  lag  of  the  1  ■+  J- 
cubr  is  the  union  of  the  two  1-cube  lags. 

2.  A  1  -f  J-cul>e  can  cancel  a  1-ctilre  only  if  the  1  -f  l-cnl>e  cover*  the 
1-cube  and  they  have  identical  lag*. 

A  cube  wit  h  a  tag  I  hat  contain*  all  I  lie  sv  iiilrolic  value*  f  r, .  ...  i  \  i 
can  be  discarded  anil  i*  not  a  GPI  Th-*-  -fives  are  not  required  in  a 
minimum  solution  (Theorem  3.3).  The  generation  of  generalized  prime 
implicaut*  for  the  symbolic  cover  of  Figure  3(a)  is  shown  in  Figure  -t 
We  have  6  GPls  with  associated  tags. 


3.4.2  Selecting  a  Minimum  Encodeable  Cover 

Given  all  the  GPls.  we  have  to  solid  a  minimum  subset  of  GPI*  such 
that  they  covet  all  the  mmleims  anil  form  an  turartiahli  rover.  If  we  del 
not  have  the  additional  resltirlion  ofenrodeabiliiy  foi  a  selected  suli*n 
of  G  PI*,  then  the  oul  pul  encoding  problem  would  be  erpmaleni  to  ivm.- 
level  Boolean  minimization  Tin  selection  i*  rarned  out  In  solving  a 
covering  problem  (Section  6  deals  with  the  rovering  problem!.  Ill  tin 
sequel,  we  desrrilie  what  an  encodeable  cover  means. 

Consider  a  minterm.  in.  in  Hie  original  symbolic  covet  .S'.  Lei  tin- 
miiiteiiii  belong  to  the  ON-set  of  t',„.  Obviously,  in  any  encoded  cover 
the  minterm  m  has  to  assert  the  rode  given  to  I'm.  namely  <(  r„,  ). 
Lei  the  selected  sulzset  of  GPls  Ire  //,.  ...  p(;.  Let  the  GPls  that  rov-i 
w  ill  Ihi*  selected  subset  be  p,„.|.  ...  p,„q .  For  functionality  to  be 
maintained,  the  following  relation  has  to  Ire  satisfied,  for  all  minterm* 
in  €  S. 

M 

u  rv<  *>-  .•  j  )  =  y  ’»  (i ) 

,=  l  j 

where  the  rr_  .. ;  represent  the  symbolic  values  that  ate  in  the  tag  of 
the  GPI  lit  Figure  5.  we  have  a  selection  of  GPls  for  the  symbolic 
cover  of  Figure  4(a)  (whose  GPls  are  enumerated  in  Figure  4(b)).  Me 
have  selected  the  GPls  1 10—.  11-1  and  000-  from  Figure  4(b)  in 
Figure  5(a).  The  constraints  corres|ronding  to  Eqn.  1  for  each  minterm 
are  given  in  Figure  5(b).  The  minterm  1101  is  covered  by  both  selected 
GPU.  one  of  which  ha*  a  tag  (oirM.  ouPJ)  and  the  other  ha*  a  lag 
(oufl,  ou(3).  Therefore.  Eqn.  I  specifies 


((out I )  n  c(ottf2)  (J  ((outl )  n  r(ouf3)  =  c(o«/l) 

for  the  minterm  1 101  and  oilier  constraints  for  the  remaining  minterm*. 
If  a  minterm  is  covered  by  a  GPI  wi(h  tlie  satire  lag  as  Hie  minterm. 
then  the  constraint  specified  by  the  minterm  via  Eqn.  I  is  an  identity. 

Eqn.  1  gives  a  set  of  const  raints  on  the  codes  of  the  symbolic  values, 
given  a  selection  of  GPls.  If  an  encoding  ran  be  found  that  satisfies  all 
these  constraints,  then  tiie  selection  of  GPU  is  eocodeabir.  However, 
a  selection  of  GPU  may  have  an  associated  set  of  constraints  that  are 
mutually  conflicting.  In  Seclicn  T.  we  show  how  the  encodeabilit  y  check 
foe  a  set  of  GPls.  giv—  -  bound  on  the  number  of  encoding  bits  I  list 
can  be  used,  can  be  formulated  as  a  Boolean  satisfiability  problem. 
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3.4.3  Dominance  and  Conjunctive  Relationships  to  Satisfy 
Constraints 

The  constraints  specified  by  Ecpi.  1  can  be  satisfied  by  means  of  dom¬ 
inance  and  disjunctive  relations  between  symbolic  values.  Continuing 
with  our  example,  to  satisfy 

<(o»M)  n  ((out?)  [_J  f(outl)  n  i(oul 3)  =  c(otdl) 


one  lias  three  alternatives: 

1.  f(out'2)  Z)  ((outl) 

2.  r (o»t3|  Z>  ((out}  1 

3.  f(ouM)  C  ((outl)  |  ({out3} 

Given  an  arbitrary  constraint,  a  set  of  dominance  and  disjunctive  rela¬ 
tionships  ran  be  derived  such  thai  satisfying  any  single  relation  satis¬ 
fies  the  constraint.  Dominance  and  disjunctive  relationship  ntay  con¬ 
flict  across  a  set  of  constraints.  For  instance,  one  cannot  satisfy  both 
f(onfl)  D  f(oid2|  and  <(out'2)  D  <(onM).  This  represents  a  cycle 
in  the  dominance  graph.  Also,  if  one  pirk«  the  equality  in  choice  (3) 
above,  then  we  require  c(otifl)  3  r(oi//2!  and  r (out  1 )  D  c(oi/l3).  in 

1  ha  I  case,  one  cannot  sal  isfy  bol  It  1 1 )  and  (3)  "it  |i  the  same  encoding. 

Given  a  selection  of  GPI«.  we  derive  a  set  of  constraints  via  Eqn  I 
and  construct  a  graph  where  each  node  represent*  a  symbolic  value  Di¬ 
rected  edges  in  the  graph  represent  dominance  relai  ions  and  undirected 
edges  enclosed  bv  ate*  represent  tli«imirlive  relations.  Each  directed 
edge  and  arc  has  a  label,  corresponding  to  the  mititerni  that  produces 
the  constraint  represented  by  the  edge  or  are.  The  graph  corresponding 
to  the  selected  GT1*  of  Figure  5  is  shown  in  Figme  6(a)  A  directed  edge 
from  out 1  to  out 2  implies  the  code  of  out  I  should  dominate  the  code  of 
out 2.  The  dotted  arc  around  the  two  undirected  edges  emanating  from 
out!  implies  that  the  code  of  out  I  should  be  equal  to  or  be  dominated 
by  the  conjunct  ion  (bitwise  OH)  of  the  code*  of  ns  fanout  symbolic  val¬ 
ues.  in  thi«  ease,  out 2  and  out 3.  That  is.  don fl)  C  e(ouf2)  |  e(ouf3). 
out]  is  called  the  parent  ill  the  disjunctive  arc  and  out 2  and  ouf3.  the 
•iblings  in  the  disjunctive  arc  The  disjunctive  arc  specifies  equality  oi 
dominance,  however,  due  to  other  relationships  equality  may  be  specif¬ 
ically  required.  Ill  the  case  of  disjunctive  dominance  the  edges  will  be 
undirected,  in  the  case  of  disjunctive  equality  the  edges  will  directed 
towards  the  siblings  to  indicate  that  the  parent  dominates  the  siblings. 

The  graph  corresponding  to  a  selection  of  GPls  is  encodeable  and 
logic  functionality  is  maintained,  if  two  conditions  are  met.  One  selects 
either  an  edge  or  an  arc  of  each  lalrel.  In  the  case  of  selecting  an 
arc.  all  dominance  edges  covered  by  I  lie  arc  (implied  by  the  disjunctive 
relationship)  are  also  selected.  For  some  selection. 

1.  There  should  be  no  directed  cycles  in  the  graph. 

2.  The  siblings  in  any  disjunctive  arc  should  not  have  directed  paths 
between  each  other. 

3.  No  tiro  disjunctive  equality  arcs  can  have  exactly  tbe  same  siblings 
and  different  parents. 

4.  The  parent  of  a  disjunctive  dominance  (equality)  arc  should  not 
dominate  (any  symbolic  value/node  that  dominates)  all  the  siblings 
in  the  arc. 

The  graph  of  Figure  8(b).  derived  from  the  graph  of  Figure  6(aj, 
satisfies  these  properties  and  hence  the  selection  of  GPls  is  vslid.  This 
implies  l list  we  can  find  su  encoding  such  that  the  optimised  cover  has 

2  product  terms. 
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Figure  t>:  Eurodeabiliiy  Graph* 
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Figure  7:  Constructing  the  Optimized  Covet 


Given  a  constraint  S|>ecifierl  Ivy  Lqu.  I  of  the  form 

n  n b n r  |J  o  n ./ n r  (J  ,in/ns  =  „ 


w-e  hare  more  complex  choir  e*  titan  the  equation  in  out  exampl.  1 
satisfy  ,i  rxfir.r  =:  u.  lot  instance,  we  need  to  satisfy  trot  I'  l>  Z  u  at  ■ 
c  0  a  1  In*  metely  correspond*  In  a  pan  of  rlirerierl  edges  t fiat  have  ii- 
be  selected  simultaneously.  Furl  her.  one  ran  sat  isfy  iifUnr  [J 
(Inf  =  o  by  satisfying  hnc  LJ  r/n  /  0  It .  Thi*  correspond-  to 

a  disjunctive  relationship  with  nested  conjunctive  terms.  The  sibling* 
here  are  conjunctive  nodes  Hr  and  </n /.  These  conjunctive  node* 
are  dominated  by  0.  c  and  il.  f  re*|>eclively.  Condition*  2--I  should 
be  satisfied  for  arr«  whose  siblings  are  conjunctive  nodes  a*  well  I  lie 
symbolic  values  whose  disjunction  forms  the  conjunctive  node  are  railed 
the  ancestors  of  the  node.  The  ancestors  dominate  the  conjunct  n. 
node.  Also,  if  all  the  ancestors  dominate  a  particular  symbolic  valm 
then  the  conjunctive  node  also  dominate*  that  value.  For  instatin',  if 
we  have  all  the  ancestor*  of  a  ronjutirtive  noth'  dominating  the  parent 
of  a  disjunctive  arc  that  the  node  i*  a  sibling  of.  then  we  have  a  eyrie 
ill  the  graph  rendering  il  itururodrable. 


3.4.4  Constructing  tbe  Optimised  Cover 


If  a  selection  of  GPls  has  Ireen  marie  (hat  rovers  all  minlerm*  and  i* 
encodeable.  then  an  enrolling  can  be  trivially  found  that  satisfies  the 
constraints  (see  Theorem  3.4).  We  ran  now  construct  an  enroded  and 
optimized  cover.  The  cover  will  contain  (lie  selected  GPls.  For  each 
GP1.  the  output  combination  in  the  cover  is  found  using  the  lag  rot- 
responding  to  the  GPI.  The  codes  corresponding  to  all  the  symbolic 
values  in  the  tag  of  the  CJPI  are  intersected  (bitwise  ANDed)  to  pro¬ 
duce  tbe  output  part.  Continuing  with  our  example,  the  GPls  selected 
and  the  tags  for  the  GPls  are  shown  in  Figure  7(a).  These  GPls  have 
so  associated  graph  that  is  encodeable  and  an  encoding  satisfying  the 
constraints  is  given  in  Figure  7(b).  Note  that  tbe  encoding  has  to  sat¬ 
isfy  disjunctive  equivalence  c(ou/l)  =  r(otd2)  |  r(oul3).  rattier  than 
disjunctive  dominance  e(o«fl)  C  e(o«f2)  |  ((out 3).  This  is  because  of 
tbe  dominance  relationships  c(o»d I)  Z>  r(outi)  and  r(outt)  Z>  c(<nrf3). 
We  have  constructed  the  optimized  cover  with  the  GPls  by  intersect¬ 
ing  the  code*  of  symbolic  values  in  the  tags  of  each  GPI  to  obtain  the 
output  part  (Figure  7(c)). 


4 


3.5  Correctness  of  Procedure 

Proposition  3.1  The  selection  of  a  minimum  cardinally  encodcable 
coi*er  from  the  GPls  imprest  n is  an  exact  solution  to  the  output  encoding 
problem. 

hi  llit*  remainder  of  i his  section,  we  will  justify  Proposition  3.1.  First, 
we  show  that  logic  functionalit)  is  retained. 

Lemma  3.2  Satisfying  Eqn.  J  and  constructing  the  output  pari  as  tn 
Section  3-4-4  tx  tains  logic  functionality. 

Proof  We  construct  the  output  part  of  a  GPI  by  intersecting  all  the 
codes  of  the  symbolic  values  contained  in  its  tag  That  is  precisely  the 
intersection  term  in  Eqn.  1.  The  output  of  a  min  term  in  a  PLA  is  the 
OR  of  all  the  outputs  asserted  by  the  cubes  that  cover  the  minlerm. 
This  corresponds  to  the  union  (OR)  in  Eqn.  1  Tiius.  satisfying  Eqn. 
1  implies  that  each  min  term  asserts  the  same  output  combination  as  it 
would  have  in  the  original  encoded  but  unoptimized  cover.  Q.E.D. 

Next,  we  show  that  the  canceled  i*. -cubes  during  GPI  generation  are 
not  necessary  in  a  minimum  solution. 

Theorem  3.3  -1  minimum  cardinality  encodeable  solution  can  be  made 
up  entirely  of  GPh. 

Proof:  Assume  that  we  have  a  minimum  mrdinalit)  solution  with  a 
nil**  c i  that  is  not  a  GPI.  Let  the  tag  of  n  be  T.  We  know  a  GPI 
pi  exists  such  t hat  p,  3  c \  and  such  that  the  tag  of  p i  is  T.  Re¬ 
placing  cj  with  pi  will  not  change  the  cardinalitv  of  the  cover.  The 
minterms  corresponding  to  Pi  —  Ci  will  be  covered  by  an  extra  GPI  pi 
and  therefore  Eqn.  1  for  those  minterms  will  be  different.  However, 
the  extra  tag  in  the  equation  merelv  represents  an  extra  option  in  the 
graph  corresponding  to  the  encodeabilit v.  Since  the  original  graph  was 
enrodeable.  adding  edg*«  with  the  sann*  label  as  th*  labels  of  edges 
origmaiiv  contained  in  i  he  graph  will  not  change  the  encodeabilit). 

We  have  also  discarded  cube*  with  tags  that  contain  all  the  symbolic 
values,  if  such  a  cube  exists  in  a  minimum  encoded  cover,  it  asserts 
the  out  pm  combination  given  by  the  intersect  ion  of  the  codes  of  all 
the  symlvolir  values.  If  this  intersection  is  mil)  (all  Os),  then  the  cube 
can  be  discarded  to  obtain  a  smaller  cover.  If  the  intersection  is  not 
null  and  the  cube  jts*erl«  some  outputs,  then  it  means  that  for  the  bits 
corres|»omling  to  i  liese  outputs,  all  t  lie  codes  of  the  sv  m!x>lic  values  have 
a  I.  We  ran  reduce  the  codes  of  the  all  the  values  and  still  maintain 
I  lie  it  identities  b)  discarding  H»e«e  outputs.  Then,  the  cube  as*erl*  a 
null  output  combination  and  can  be  discarded.  Thus,  the  cube  is  not 
requited  in  a  minimum  co\ej 

Hence,  we  have  a  minimum  caulmalii)  enrodeable  selection  can  be 
made  up  entire))  of  GPls.  Q.E.D. 

Thus,  if  one  select s  a  minimum  sei  of  GPls  that  cover  all  minterms 
ami  have  an  associated  *ei  of  constraints  l»  Eqn.  1  that  is  encodeable. 
we  are  guaranteed  a  minimum  solution  to  the  encoding  problem.  It 
remains  to  prove  that  l  he  conditions  to  the  satisfied  bv  the  graph  for 
rurodrabilii )  are  necessar)  and  sufficient  conditions.  The  proof  of  the 
following  theorem  has  been  omitted  for  I  lie  sake  of  brevity. 

Theorem  3.4  Conditions  J-J  slated  in  Section  3-4-3  are  necessary  and 
s  fl>cn  nl  for  the  givph  to  be  e  ncodenbh  . 

3.6  Multiple  Symbolic  Outputs 

The  procedure  outlined  run  l»<-  generalized  to  the  case  where  »f  have 
multiple  symbolic  outputs.  Each  minlerm  initially  line  it  number  of 
tag.  equal  to  the  number  of  symbolic  outputs.  Each  tag  corresponds 
to  the  symbolic  value  whose  ON-set  the  minterm  belongs  to.  for  each 
symlmlir  output  Minlerm  pairs  are  merged  and  the  operations  on  the 
tag.  are  performed  exactly  the  same  as  before.  A  t  +  l-cube  cancels  a 
i-cube  only  if  all  of  its  lags  are  identical  to  the  corresponding  tegs  of  the 
i-cube.  Cubes  with  tags  such  that  all  corresponding  symbolic  values 
are  contained  in  the  tag  can  be  discarded.  Thus,  tlie  GPU  can  be 

Jiene rated.  We  hate  separate  graphs  representing  encoding  constraint* 
dr  each  symbolic  output.  Given  a  selection  of  GPls,  these  graphs  can 
be  constructed  and  checked  for  encodeability  as  before.  All  the  graphs 
have  to  be  enrodeable  for  a  selection  of  GPls  to  be  valid. 

The  generalization  to  functions  with  both  symbolic  and  binary-valued 
outputs  is  described  in  Section  4.2. 

3.7  The  Issue  of  the  All  Zero*  Code 

If  a  code  of  all  erros  is  given  to  a  symlmlir  value,  then  it  is  passible  that 
one  or  more  GPls  can  be  dropped  in  a  PLA  implementation,  from  an 
otherwise  minimum  cover.  This  is  because  in  a  PLA  implementation. 
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one  is  oil I)  concerned  with  the  ON-sels.  The  procedure  presented  ha* 
not  taken  this  fact  into  account. 

A  solution  i*  to  perform  .V  -4-  1  minimization*  wh**ie  .Y  i<  th«-  iuiui'm  ■■ 
of  svml)olic  value*.  One  minimization  i*  a.*  before  In  the  of h*’i  \ 
minimization'-,  we  drop  all  1  he  minlerm*  in  the  ON-sei  of  each  of  th« 
A  syml>olif  value*,  oiip  value'*  ON-*el  at  a  time.  We  *eleri  the  be*' 
solution  out  of  the  ;Y  +  1  minimization*.  1  lie  reason  we  have  to  per  fa  mi 
the  (ir*t  minimization  without  dropping  an)  of  tin*  minterm*  i*  that 
the  all  zero*  code  cannot  appeal  in  di*jimeti\e  relation*,  since  1  i' 
dominated  by  all  other  code*.  Hence,  constraining  oneself  to  use  a  rod*- 
of  all  zero*  ma\  result  in  a  snlwopt  imal  solution. 

W  e  can  piove  the  following  theoiem  which  give*  combi  ion*  wh«*i«* 
multiple  minimtzai ion*  are  not  requited. 

Theorem  3.5  Ginn  n  rout  mth  out  ot  more  symbolic  output *  and 
binary-mined  outputs  if  nil  mint*  ruts  01  tb>  rnni  (»*  h>n  0  1  o  1i<- 
of  at  least  onf  binary. 1  nhn  d  output,  tin  n  Hurt  can  In  no  adt  onlay  1< 
using  an  all  zeros  code. 

Proof:  The  only  advantage  in  using  an  a!)  zero*  code  is  that  minteim* 
n»*\  be  drop|>ed  bv  pulling  them  into  OFF-set*.  We  can  always  sat¬ 
isfy  required  dominance  and/or  disjunctive  relationship  via  codes  otli.-t 
than  the  all  zero*  code  In  the  case  of  a  cover  with  the  properl  \  mrn- 
tioned  alK»vr.  we  cannot  drop  any  of  the  minterms.  Hence,  w**  can 
obtain  a  minimum  cardinalitv  solution  without  using  (lie  all  zeros  rode. 
Q.E.D. 

4  State  Assignment 
4-1  Introduction 

T!>»  state  assignment  problem  is  an  input-output  encoding  problem  w  it li 
equality,  const  minis  on  Ihc  symbolic  inputs  and  outputs.  In  Figure  S.  a 
Slots  Transition  Tabic  (STT)  of  a  finite  slate  machine  (FSM )  is  shown. 
The  present  stales  (2nd  column)  can  be  viewed  as  a  symlvolic  input  and 
tlie  next  stales  (3rd  column)  can  be  viewed  a-  a  symbolic  output. 

An  input  encoding  problem  ill  isolation  can  be  solved  b)  representing 
tlie  symbolic  input  as  a  multiple-valued  variable  I|3).  where  each  dis¬ 
tinct  symbolic  value  represent*  a  distinct  value  of  the  multiple-valued 
variable.  Exact  minimization  of  the  resulting  multiple- valued  function 
produces  a  minimum  cardinality  multiple-valued  cover.  The  symbolic 
cover  of  Figure  1(a)  has  been  represented  os  •  multiple- valued  function 
in  Figure  9(a).  The  symbolic  value  «»»pl  is  tlie  value  10000.  i np2  is 
01000  and  so  on.  Minimising  the  function  produces  the  result  of  Figure 
•(b).  The  merged  input  implicanU  in  the  minimised  multiple- valued 
cover  represent  constraints  that  the  binary  codes  assigned  to  the  sym¬ 
bolic  values  have  to  satisfy,  in  order  to  produce  an  encoded  binary  rover 
with  the  same  cardinality  as  the  minimised  multiple-valued  cover.  Anv 
set  of  these  input  rooitnmitt  ran  always  be  satisfied  by  some  encoding. 

A  symbolic  value  is  contained  in  a  multiple- valued  implicant  if  the 
position  corres|K>ndiiig  to  the  symbolic  value  lias  a  I  ill  the  implicant. 
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For  instance,  tiie  symbolic  values  inp  1  and  inp2  are  contained  in  the 
implicant  11000.  The  constraint  specified  is  that  the  stpcrcube  of  the 
codes  of  all  the  symbolic  values  contained  in  the  implicant  should  not 
intersect  am  of  the  codes  given  to  the  symbolic  values  not  in  the  impli- 
canl.  lnourexample.il  means  that  the  smallest  cube  covering  the  codes 
assigned  to  inpl  and  inp 2  should  not  intersect  the  codes  of  mp3,  tnpl 
and  inp 5.  Each  distinct  multiple-valued  implicant  specifies  a  distinct 
constraint  on  the  codes  that  can  be  assigned  to  (lie  symbolic  values.  As 
mentioned  previously.  an  encoding  satisfying  the  constraints  specified 
Ivy  any  set  of  multiple- valued  implicants  can  always  be  constructed. 

To  solve  the  state  assignment  problem  exactly,  one  can  treat  the 
present  slate  space  as  a  multiple-valued  variable  and  solve  the  resulting 
output  encoding  problem  exactly  Modifications  that  are  required  to 
the  strategy  presented  in  Section  3  will  be  described  in  the  remainder 
of  t  lib  sect  ion. 

4.2  Generation  of  Generalized  Prime  Implicants 

We  now  have  a  function  with  multiple  binary -valued  inputs,  a  single 
multiple-valued  input,  one  symbolic  output  and  multiple  binary- valued 
outputs,  (hat  is  to  be  encoded  Each  minierm  lta«  a  tag  corresponding  to 
the  symbolic  next  state  whose  Ob-set  it  belongs  to.  Each  minierm  also 
has  a  tag  that  corresponds  to  all  the  outputs  asserted  by  the  minierm. 

Two  minimus  or  0-cube«  can  merge  to  form  a  l-culve.  Merging  may 
occur  between  ininterms  with  the  same  binary -valued  part  and  different 
multiple-valued  parts  or  uni-distant  binary. valued  parts  and  the  same 
multiple-valued  part  The  next  slate  lag  of  (lie  l-culve  is  the  union  of 
the  next  state  tags  0f  the  two  minterms.  As  in  the  Q-M  method,  the 
binary -valued  out  pul  tag  of  the  l-culve  will  conlam  only  the  outputs 
that  both  minterms  asserted.  A  1-cube  can  cancel  a  0-cube  if  and  only 
if  their  next  slate  and  binary-valued  output  lags  are  identical  and  their 
multiple-valued  parts  are  identical.  Thus,  a  l-culve  1  011  (where  the 
second  term  is  a  multiple- valued  implicant  I  cannot  caucel  1  001  even 
if  their  next  state  and  output  tags  are  identical.  This  is  because  the 
merging  of  the  multiple- valued  part  represents  an  input  constraint  a« 
described  in  Section  4.1.  One  exception  is  when  the  multiple-valued 
input  part  of  the  l-culve  contains  all  the  symbolic  stales  —  in  this  case 
the  implicant  represents  an  input  constraint  that  is  satisfied  by  any 
encoding. 

Generalizing  to  1-cubes,  we  have: 

1.  A  1  +  l-culve  formed  from  two  1-cubes  has  a  next  state  tag  that 
is  the  union  of  the  two  1-culves'  next  stale  tags  and  an  output  tag 
that  is  the  intersection  of  the  outputs  in  the  f-cubes'  output  lags. 

2.  A  1  +  l-eube  can  cancel  a  E-cube  only  if  their  multiple- valued  input 
parts  are  identical  or  if  the  multiple-valued  input  part  of  the  k  +  1- 
culve  contains  all  the  symbolic  states.  In  addiliou,  tbe  next  state 
and  output  tags  have  to  be  identical 

A  rube  with  a  next  state  tag  containing  all  the  symbolic  states  and 
with  a  null  output  lag  ran  be  discarded  The  generation  of  GPIs  for 
the  FSM  of  Figure  8  is  depicted  ill  Figure  10.  13  GPIs  are  eventually 
produced. 

4-3  Selecting  a  Minimum  Encodeable  Cover 

Given  all  the  GPU.  we  select  a  minimum  encodeable  net  that  covers  all 
mintemw  by  solving  a  covering  problem  (Section  #).  an  before.  However, 
tbe  definition  of  eneodeability  is  different  due  to  tbe  complication  of 
having  the  input  constraint*. 

An  input  constraint  may  conflict  with  dominance  or  disjunctive  rela¬ 
tions.  Tlierefore.  when  w  e  pick  a  set  of  GPIs.  we  need  to  check  that  the 
input  constraints,  given  by  the  merging  of  the  multiple- valued  impli- 
rants.  as  well  as  the  relations  given  by  Eqn.  1  are  compatible.  In  [12]. 


Figure  11:  Logic  Decomposition 


the  question  of  compatibility  I  vet  ween  input  constraints  and  dominance 
relationships  was  posed  and  a  theorem  stating  uerrssary  and  sufficient 
conditions  for  compatibility  was  given.  Here,  we  have  a  more  complex 
case  of  possibly  mutually  conflicting  input,  dominance  avid  disjunct)' • 
relations.  The  proof  of  the  following  theorem  has  been  omitted  foi  tin- 
sake  of  brev  ity. 

Theorem  4.1  G’n-cti  a  «rf  of  domitiaiict  and  disjivrhre  rotations  n  /■- 
resented  by  a  graph  and  a  sit  of  input  rotations,  a  nrrrssary  and  sufji- 
rirnl  se  t  of  conditions  for  tin  cristnin  of  an  encoding  satisfying  all  the 
relations  an : 

J.  Conditions  i-j  of  llnoioin  3.1  im  satisfied. 

2.  For  any  stall  luph  si.  s2  and  s3  such  that  si  3  *2  and  s'2  3  sit. 
no  in  put  relation  should  enst  such  that  the  position  rorre  spoil  iling 
to  si  and  s3  Arts  a  I  and  the  position  corn spandtn g  to  s'>  tins  u 
0.  f  ins  should  hold  mi 1  if  si  3  s2  is  a  disjunctire  dominant' 
relation,  uith  si  repnsentiog  n  disju  net  ion  of  tiro  or  more  stalls. 

3.  .Vo  input  relation  should  i  nst  tchere  ull  the  siblings  of  u  disjunrti'. 
equality  are  hart  a  I  and  tin  parrnl  0.  In  the  rust  of  tin  siblings 
being  eonjunrliri  nodis.  un  input  relation  should  inst  it  In  n  nil  tin 
ancestors  of  inch  conjuiirtin  sibling  lion  a  ]  and  tin  pan  nt  0. 

We  have  formulated  the  eneodeability  check  for  a  sei  of  Gris,  given 
a  bound  on  the  numlver  of  encoding  bits  that  can  be  used,  as  a  Boolean 
Satisfiability  problem  This  formulation  is  given  in  Section  7. 

4.4  Constructing  an  Optimized  Cover 

Once  the  GPIs  have  Iveen  selected  ami  an  encoding  satisfying  all  re¬ 
lations  is  found,  it  a  simple  matter  to  construct  the  optimized  covet. 
The  output  lag  of  rach  GPI  gives  t lie  outputs  asserted  Ivy  the  GPI. 
Intersecting  the  binary  codes  of  all  slates  ill  the  next  state  lag  gives 
the  next  slate  part  (in  binary  form).  The  multiple- valued  input  pan 
of  a  GPI  is  replaced  Ivy  Ihr  siiperculve  of  the  codes  of  all  stales  in  the 
multiple- valued  implicant . 

Arguments  very  similar  to  those  of  Section  3.5  can  Ive  used  to  show 
that  the  procedure  described  in  this  section  does  indeed  result  in  a 
minimum  solution  to  the  slate  assignment  problem. 


5  Four-Level  Boolean  Minimization 

6.1  Introduction 

The  problem  of  multi-level  Boolean  minimization  aims  at  finding  an  o|>- 
timuin  representation  of  s  logic  function  as  a  cascade  of  two-level  logic 
functions.  Tlte  objective  is  to  minimise  the  area  of  live  eventual  imple¬ 
mentation.  The  problem  we  address  is  tbe  following: 

Given  a  two-level  function,  find  an  optimum  decomposition  of  the  func¬ 
tion  into  two  two-level  functions  aorh  that  tbe  inputs  to  the  first  fund  ion 
are  tbe  original  primary  input*,  the  inputs  to  the  second  function  are 
outputs  of  the  first  function  and  the  output*  of  tlie  second  function  are 
Hie  original  primary  output*.  An  optimum  representation  is  ilehned  a 
representation  where  a  function  of  live  numlver  of  product  terms  in  the 
two-level  functions  is  minimized. 

Example  decompositions  are  shown  in  Figure  II.  Several  point*  are 
worthy  of  note. 
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1.  \\V  consider  that  all  Hie  primarx  input*  (Pl«»  or  a  scleci«i  sul>sei 
of  Pis  feed  into  tlie  first  function  anti  all  the  primarx  outputs  are 
asserted  by  the  second  function  However,  in  ad  optimum  decom¬ 
position.  an  output  of  the  first  function  max.  in  fact,  be  a  direct 
connection  to  a  primary  input  and  be  used  in  the  second  function, 
as  shown  in  Figure  ]  1(b).  Similar!),  a  primarx  output  may.  in  fact, 
be  asserted  bx  the  first  function  and  pass  unchanged  through  the 
second  function. 

2.  A  subset  of  primarx  inputs  max  be  initial!)  specified  for  a  decom¬ 
position  as  shown  in  Figure  11(c).  This  is  the  more  general  case 
of  decomposition.  Note  that,  exen  in  this  case,  some  intermediate 
lines  (ILs)  may.  in  reality  be  Pis  or  POs 

3.  The  cost  function  that  is  optimized  should  ideally  be  the  area  of 
the  decomposed  functions,  i.e.  a  function  of  the  number  of  Pis. 
POs.  ILs  and  product  terms  in  each  function  or  PLA.  Since,  we 
cannot  easily  estimate  the  number  of  ILs  beforehand  (it  involves 
an  encoding  step),  the  cost  function  used  here  is  a  linear  weighted 
sum  of  the  number  of  product  term*  in  the  two  PLAs  (the  cost 
function  may  be  non-linear  if  required). 

This  problem  was  first  addressed  in  [IT],  In  [6].  a  decomposition 
heuristic  based  on  multiple-valued  minimization  was  proposed.  Given 
a  two-lex  el  cover  and  a  subset  of  selected  inputs,  the  algorithm  in  (6] 
performs  the  following  steps: 

1.  The  two-level  cover  is  made  disjoint  in  the  selected  subset  of  inputs. 
This  identifies  a  set  of  disjoint  input  combinations  for  the  selected 
subset.  The  combinations  max  be  cubes  or  miulerms. 

2.  A  PLA  with  the  input  combinations  represented  as  values  of  a 
symbolic  input  and  asserting  the  original  outputs  is  construe  ted. 
This  PLA  is  called  the  driven  PLA 

3.  A  driving  PLA  with  tin'  original  input  combination*  producing  a 
symbolic  output  is  constructed.  Tin*  sxmholir  values  asserted  In 
the  sxmbolic  output  of  the  driving  PLA  and  the  symbolic  values 
taken  b>  the  symbolic  input  of  the  driven  PLA  have  a  one-to-one 
correspondence. 

4.  The  driving  and  driven  PLA  fotm  a  cascade.  We  have  now  an 
input-output  encoding  problem.  The  problem  is  approximated  a* 
an  input  encoding  problem  for  the  driven  PLA  and  solved  using 
multiple- valued  minimization. 

This  algorithm  is  heuristic  because  the  size  of  the  driving  PLA  i«  not 
taken  into  account  —  the  output  encoding  pioblem  for  the  driving  TLA 
is  completely  ignoied. 

Ill  the  next  section,  we  describe  how  I  he  state  assignment  algorithm 
descriljed  in  Section  5  can  be  modified  to  the  four-level  Boolean  mini¬ 
mization  case. 

5.2  Modifications 

There  *re  two  important  differences  between  the  four-level  Boolean  min¬ 
imisation  problem  addressed  here  and  the  stale  assignment  problem. 
First!.',  in  the  Boolean  minitnizat ion  problem,  we  have  twodistiurt  cov¬ 
ers  rather  than  a  single  one.  Our  goal  is  to  minimize  a  linear  weighted 
stmt  of  t  he  t  wo  ro'  er  cardinalities.  The  second  difference  is  more  subtle. 
The  combinations  corresponding  to  I  lie  selected  inputs  become  values 
of  a  symbolic  input  to  the  driven  FLA  which  are  lo  be  re-encoded.  If 
one  symbolic  value  always  asserts  the  same  primary  output  as  another 
values  (for  the  different  unselerted  input  combinations),  these  two  val¬ 
ue*  can  have  the  same  code  in  the  driving  or  driven  PLAs.  Constraining 
them  to  have  the  same  code  or  constraining  them  to  be  different  may 
result  in  a  sub-opiimal  solution  to  the  output  encoding  problem  and 
therefore  for  the  Boolean  minimization  problem.  We  bave  lo  use  this 
extra  degree  of  freedom  in  an  optimum  way 

The  generation  of  generalised  prime  implicants  (GPls)  is  separate  for 
the  two  covers.  For  the  driving  PLA  with  the  symbolic  output,  GPls 
are  generated  as  described  in  Section  3.4.1.  Tlie  symbolic  input  in  the 
driven  PLA  is  replaced  by  a  multiple- valued  variable.  The  generation 
of  GPls  is  similar  to  the  state  assignment  case  -  a  k  +  1-cube  cancels  a 
F-cube  only  if  the  multiple- valued  input  parts  and  tbe  output  tags  are 
identical  (the  binary- valued  input  parts  will  differ). 

We  thus  hate  two  sets  of  GPls  and  we  have  to  select  a  subset  from 
each  of  the  two  sets  such  that  the  subsets  cover  all  tbe  minterms  in  each 
cover  and  together  form  an  encode  able  cover.  Like  in  the  state  assign¬ 
ment  case,  we  have  equality  constraints  between  the  symbolic  values 
representing  the  same  selected  input  combination.  Tbe  compatibility 
between  the  input  relations  given  by  the  selected  subset  of  GPls  for  the 
driven  PLA  and  the  output  relations  given  by  the  selected  subset  of 
GPls  for  the  driving  PLA  if  determined  via  the  conditions  of  Theorem 
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Figure  12:  Transformation  for  Output  Encoding 


4.1.  A  difference  is  that  some  symbolic  values  may  be  allowed  lo  have 
the  same  code  and  hence  Conditions  1-4  of  Theorem  3.4  may  be  relaxed 
for  these  values.  For  example,  cycles  are  permitted  within  these  values 
alone  and  I  liese  values  ran  be  parents  of  a  disjunctive  arcs  with  exactly 
the  same  seta  of  siblings. 

The  covering  problem  to  be  solved  in  tbe  output  encoding,  state  as¬ 
signment  and  four-level  Boolean  minimisation  cases  is  described  in  tbe 
next  section. 


6  Solving  the  Covering  Problem 

6.1  Introduction 

The  classical  covering  problem  of  two-level  Boolean  minimization  in¬ 
volves  finding  a  minimum  s0|  Df  prime  implicants  (Pis)  that  form  a 
cover  for  a  logic  function.  Ileie.  we  have  thr  additional  restriction  on 
the  selected  generalized  prime  implicants  (GPls)  -  they  have  to  form  an 
eurvdiahli  cover.  The  definition  of  encodeability  varies  for  the  output 
encoding,  stale  assignment  and  four-level  Boolean  minimisation  rases 
However,  the  covering  algorithm  need  only  be  concerned  with  a  black 
box  that  determines  eurodeabilily  of  the  selected  set  of  GPls  and  a  few 
other  proper! ies  of  the  constraint  graph  associated  with  the  selected 
GPls  (Section  (i.4). 

In  Section  6.2.  we  firsl  describe  how  various  techniques  for  generating 
the  prime  impliranls  of  binary-valued  output  functions  can  be  used  io 
generate  all  the  (tPIs  for  functions  with  symbolic  outputs  In  Section 
6.3.  we  review  siraiegies  for  solving  the  classical  covering  problem  and 
in  Section  6.4  we  describe  o\n  approach  to  solving  the  covering  problem 
vvilh  associated  eucodeabilily  constraints. 

6.2  Reduced  Prime  Implicant  Table  Generation 

Many  techniques  for  determining  all  the  Pis  of  single  and  mulliple- 
outpul  logir  functions  have  been  published  in  the  past  [11]  [1(51.  An 
algorithm  based  on  the  recursive  decomposition  of  a  function  followed 
by  a  pairwise  consensus  o)>era(ion  has  been  reported  [3]  and  has  been 
improved  upon  in  the  program  MrBOOLE  [4l.  Otbrr  techniques  have 
been  re|>orte<l  in  [14].  These  techniques  not  only  efficiently  generate  Pis 
without  dtt plica t ion  of  effort  but  also  create  a  rcdncctl  grime  implicavt 
tebh.  In  the  prime  implicant  table  of  the  Q-M  algorithm,  each  column 
in  the  table  corresponds  to  a  midterm  of  the  function  and  each  row  to 
a  PL  in  a  reduced  prime  implicant  table,  each  column  corresponds  to  a 
collection  of  minterms  (i.c.  a  larger  subspare),  all  of  which  are  covered 
by  the  same  set  of  Pis.  Tims,  using  the  algorithms  of  [14]  for  example, 
rather  than  the  Q-M  method  leads  to  a  more  efficient  creation  of  the 
prime  implicant  table. 

We  cannot  directly  use  these  techniques  on  functions  with  symbolic 
outputs  to  generate  all  GPls.  The  canceling  rule  for  GPU  is  uot  the 
same  as  the  canceling  rule  for  Pis.  However,  we  can  transform  a  func- 
lioo  with  a  symbolic  output  into  a  function  with  multiple  binary-valued 
outputs  such  that  the  Pis  for  this  new  multiple-output  function  have  a 
oiif-lo-oue  correspondence  with  the  GPU  of  tbe  original  function.  This 
is  illustrated  in  Figure  12.  The  function  with  a  symbolic  output  of  Fig¬ 
ure  1(b)  has  been  duplicated  in  Figure  12(a).  Each  symbolic  value  is  re¬ 
placed  by  an  output  combination  to  produce  the  binary-valued  multipie- 
output  function  of  Figure  12(b).  4/  output*  are  required  if  these  are  M 
symbolic  values.  A  symbolic  value  hat  an  output  combination  of  all  Is 
*nd  oue  0  in  a  unique  identifying  position.  These  outputs  perform  the 
game  function  as  the  output  tag  m  GP1  generation  (Section  4.1). 

Lemma  6.1  7*r  Pit  of  Hr  fnnetion  oktoiud  rit  t*c  irnntformtim,, 
ittertbd  arc  1h<  GPh  of  U<  origin ol  function  with  tkr  tgmboltc  onlpnl 
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Figure  13:  Transformation  for  Stale  Assignment 


Proof:  The  set  of  out  puts  asserted  by  ant  cube  in  the  new  function  is 
the  set  of  symbolic  values  not  in  the  tag  of  the  corresponding  cube  in 
the  original  function.  While  generating  the  Pis  for  the  binary- valued 
multiple-output  function,  a  cube.  C|.  cancels  another  cube,  cj.  only  if 
Cj  covers  cj  and  the  outputs  asserted  by  ci  are  the  same  as  the  outputs 
asserted  by  cj.  This  implies  that  the  sei  of  symbolic  values  in  the  tag  of 
the  two  corresponding  rubes  in  the  original  function  are  identical  and  c i 
won  hi  have  canceled  <-2  there  as  well.  Finally,  cubes  in  the  binary-valued 
function  formed  with  a  null  output  combination  are  discarded.  Tbis 
corresponds  to  discarding  cubes  with  tags  containing  all  the  symbolic 
values.  Q.E.D. 

Thus,  via  litis  transformation  we  can  make  use  of  the  classical  tech¬ 
niques  for  prime  implicant  generation.  In  the  state  assignment  case, 
we  have  a  symbolic  or  multiple-valued  input  variable.  We  also  have 
the  restriction  during  GPI  generation  that  the  multiple- valued  part  of 
a  I  +  1-rube  that  cancels  a  f-rube  lias  to  Ire  identical.  This  does  not 
apply  to  PI  generation  in  multiple-valued  input  -  binary-valued  output 
fuiir!  ion«  [  i ' '  We  thus  bar  e  a  mote  complex  t  ransfot  mat  ion  in  the  case 
of  a  fit  net  ton  w  it  It  a  sy  mlroltr  input  and  out  put  This  transformat  ton  is 
illustrated  in  Figure  ill.  in  Figure  13la).  we  have  duplicated  the  State 
Transition  Table  (STT|  of  Figure  8.  The  new  function  of  Figure  13(b) 
has  three  sets  of  binary-valued  outputs.  The  first  set  corresponds  to  the 
original  binary -valued  output'  in  the  STT.  1  lie  second  set  corresponds 
to  the  next  states.  Given  Ay  slates,  we  have  .Vs  binary-valued  outputs 
in  lhi«  «et.  This  set  performs  the  function  of  the  next  state  tag  in  Gl’l 
generation  (Section  -1.2).  The  third  and  last  set  of  outputs  incorporates 
the  restriction  of  the  equality  of  the  multiple-valued  input  parts  for  cube 
cancellat ion.  This  set  of  Ay  outputs  corresponds  to  the  present  stale 
space.  It  i«  constructed  like  the  second  set  -  eaclt  slate  has  a  unique 
As-hit  cotie  with  \\  -  1  Is  and  one  0 

1  he  argument  t/tat  generating  the  Pl<  for  this  transformed  funrlioii 
is  equivalent  to  generating  the  GP|s  for  the  original  function  follows  in 
a  similar  way  to  the  proof  of  Lemma  G.l 

In  the  four-level  Boolean  minimization  case,  we  generate  the  GPls  for 
the  driving  PL.A  by  transforming  it  as  in  Figure  12.  The  driven  PLA 
has  a  symbolic  input  and  binary-valued  outputs.  We  append  a  set  of 
outputs  corresponding  to  the  symbolic  input  like  the  present  slate  set 
(in  the  stale  assignment  case)  and  generate  the  Pis  for  the  transformed 
funel  ion. 

Once  the  GPls  have  been  generated,  the  additional  outputs  are  dis¬ 
carded.  since  we  have  to  solve  a  dilferent  covering  problem  front  the 
standard  covering  problem  The  next  state  tags  and/or  output  tag' 
for  each  GP1  are  ronsiructed  by  finding  all  the  symbolic  values  whose 
ON-sels  intersect  the  GPL 

6.3  The  Classical  Covering  Problem 

Tli**  standard  bra  ncli-and- bound  solution  to  the  minimum  cover  prob¬ 
lem  iiivohes  l be  following  steps  (rows  correspond  to  Pis  and  columns 
lo  collections  of  midterms): 

1.  Remove  columns  that  contain  other  columns  and  remove  rows 
which  are  contained  b>  other  rows.  Detect  essential  rows  (a  col¬ 
umn  with  a  single  1  identifies  an  essential  row)  and  add  these  t-o  the 
selected  set.  Repeat  until  no  new  essentia)  element*  are  detected. 

2.  If  the  sire  of  (lie  selected  set  exceeds  the  best  solution  thus  far. 
return  from  this  level  of  recursion.  If  there  are  no  elements  left  to 
be  covered,  declare  the  selected  set  as  the  best  solution  recorded 
thus  far. 

3.  Heuristicaliy  select  a  branching  row. 

4.  Add  this  row  to  the  selected  set  and  recur  for  the  sub-table  resulting 
from  deleting  the  row  and  all  column*  that  are  covered  by  this 
row.  Then,  recur  for  the  sub-table  resulting  from  deleting  this  row 
without  adding  if  to  the  selected  set. 


In  |J4).  a  lower  bounding  technique  based  on  a  maximal  independent 
set  heuristic  was  proposed.  In  Step  2.  a  maximal  set  of  roiunm*.  al! 
of  which  are  pairwise  disjoint  i*  found  using  a  straightforward,  greed) 
algorithm  (Finding  a  marimaui  independent  »et  ofiolumn*  i*  itself  NT- 
complete).  Because  each  colunui  must  be  covered  and  all  the  column* 
in  the  maximal  indejvendenl  set  share  no  row  in  common,  the  sire  of 
the  maximal  indej>endenl  set  is  a  lower  bound  on  the  numbei  of  row*, 
required  to  complete  the  cover.  At  Step  2.  the  recursion  can  be  bounded 
if  the  size  of  the  selected  set  at  Step  2  phi*  the  size  of  the  maximal 
independent  set  equals  or  exceeds  the  best  solution  known. 


6.4  Covering  with  Encodeability  Constraints 

The  algorithm  we  use  is  a  modification  of  the  algorithm  described  m 
the  previous  section.  The  modi  fica  lions  are  described  in  I  lie  sequel. 

In  Step  1.  a  row  (GPI)  is  deemed  to  contain  another  row  (GPI)  onh 
if  the  lags  of  the  two  GPU  are  identical  or  the  tag  of  l lie  first  GPI  i*  a 
subset  of  the  tag  of  the  second  (This  may  hap)>eu  lower  in  the  recursion 
after  some  columns  have  been  deleted).  The  lower  bounding  criterion 
at  Step  3  uses  the  site  of  the  maximal  independent  set  of  column*.  Tim 
bound  is  looser  than  in  standard  covering  localise  even  if  a  cover  can 
be  constructed  with  a  number  of  element*  equal  to  the  lower  bound,  it 
may  not  be  encodeable. 

Once  the  selected  set  covers  all  elements,  we  perform  an  encodeabilnv 
check.  If  the  cover  i*  rncodeablc.  we  declare  the  soldi  ion  as  the  be*t 
recorded  until  then.  If  not.  we  perform  another  branch-atid-bound  *i*-p 
to  find  the  minimum  number  of  GPU  (rows)  which  when  added  lo  the 
selected  sel  renders  it  encodeable.  The  GPU  during  I  hi*  branch-aml- 
boumt  step  are  selected  from  the  current  sub-table  in  the  recursion 
This  branch-and-bound  step  is  now  described. 

1 .  If  I  lie  selected  *et  i*  encodeable.  I  lien  declare  t  he  <e|ecte(!  *et  a*  t 
I»e«t  encodeable  *011111011  liiu*  fai .  If  not.  check  if  1  he  «ize  o'  in- 
selected  set  ;»///.«  a  lower  bound  on  the  required  numl>e|  of  low*  i<* 
produce  an  encodeable  set  equal*  or  exceed*  the  Ih**i  encode*!)!* 
solution  obtained  liiu*  far.  If  so.  return  from  tin*  level  of  recur*. on. 

2.  Heuristirall)  select  a  brandling  row 

3.  Add  t  hi*  row  to  I  lie  *e)ect  ed  sel  and  recur  for  the  «ub- table  re«nlt  mg 
from  deleting  tin*  row.  'I  hen.  recur  on  deleting  the  row  wnhom 
adding  it  to  the  current  sel. 

We  are  no  longei  concerned  with  covei  ing  the  miniet  m*  111  tin-  hi  him  !<• 
and-bouud  step,  since  ad  iniuterm*  have  ahead)  been  coveted  \\« 
estimate  lire  lower  bound  011  the  numl>er  of  GPU  required  10  render 
the  graph  encodeable  |>v  finding  the  number  of  Httjowi  violation*  of 
the  eneodeahilit)  condition*  of  1  heorem  3. -I  and  Theorem  4.J.  In  die 
sequel,  we  elaborate  on  disjoint  viola! ion*. 

If  1  here  are  two  cycle*  in  the  graph  such  that  the  edge*  in  rvc |e  1 
have  different  labels  from  all  the  edges  in  cycle  2  and  no  unsejecled  GPI 
exist,*  that  contains  both  mintenn*  corresponding  to  the  lal>el*  of  an) 
pair  of  edges,  then  two  GPls  are  required  lo  break  both  cycles.  These 
two  cycle*  are  disjoint  eyries.  .Similarly,  assume  we  have  two  instance* 
of  directed  path*  between  sibling*  of  a  disjunct  ive  arc.  If  the  two  *e(* 
of  edge*  in  the  two  paths  have  disjoint  set*  of  lalwd*  and  no  un*e|ecte<l 
GPI  exist*  that  cover*  the  pair  of  minterms  corresponding  to  anv  pan 
of  edge*  in  tire  two  path*,  then  two  GPls  are  required  to  remove  tin- 
two  violations.  We  can  have  disjoint  violation*  of  Conditions  3  and  A  of 
Theorem  3.4  as  well. 

Disjoint  violations  of  Condition  2  of  Theorem  4.1  would  have  2  state- 
tuples  with  dominance  edge  pairs  that  have  different  pairs  of  ial>el« 
with  the  same  GPI  restriction  as  the  restriction  above.  .Similar!),  one 
can  have  disjoint  violations  of  Condition  3  of  Theorem  4.1. 

The  heuristic  selection  of  a  GPI  to  add  to  the  selected  set  at  Step  2 
is  performed  by  selecting  a  GPI  that  covers  a  large  numlier  of  minierm* 
corresponding,  to  the  labels  of  edges  that  are  involved  in  violation*  of 
the  encodeability  condition*. 


7  Constrained  Encoding 

Given  ■  set  of  compatible  inpul  and  output  relation',  in  order  to  min¬ 
imi"  tire  area  of  the  FLA  implementation.  ow  wiahes  to  construct  an 
encoding  satisfying  all  relations  using  a  minimum  number  of  bits.  In  Ibis 
reel  ion ,  »f  present  heuristic*  (o  minimize  I  hr  numlrer  of  encoding  bits 
Vised  as  wall  a<  a  Boolean  satisfiability  formulation  of  ilia  encodeability 
checking  problem. 
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7. 1  Heuristics  to  Minimize  the  Number  of  Encoding 
Bits 

Heuristics  were  proposed  in  [13]  and  [G]  for  encoding  a  set  of  input 
relations  with  a  minimal  number  of  bits.  The  heuristics  of  [13]  were  ex¬ 
tended  to  include  dominance  relations  in  [12]  We  propose  the  following 
piocedure  based  on  the  procedures  of  [Gj  and  [12]. 

1.  Compact  the  set  of  input  relations  using  techniques  of  [13]  and  (6). 
Some  input  relations  max  be  implied  by  others. 

2.  Represent  the  reduced  set  of  input  relations  In  a  matrix,  where 
each  column  corresponds  to  a  synil>olic  value  and  each  row  to  a 
constraint.  Construct  an  encoding  as  the  transpose  of  the  matrix, 
i.e.  each  symbolic  value/node  receives  as  a  code  the  column  cor¬ 
responding  to  the  node  in  the  original  matrix.  This  encoding  is 
guaranteed  to  satisfy  the  input  relations  [13]. 

3.  Find  the  set  of  dominance  relations  between  each  pair  of  nodes  that 
are  not  satisfied.  No  dominance  relation  could  have  been  violated. 
Select  a  maximal  disjoint  set  of  pairwise  dominance  relations  (By 
disjoint,  we  mean  that  the  two  nodes  in  the  dominance  relation  are 
distinct  from  the  nodes  in  the  other  dominance  relation).  Satisfy 
these  relations  by  adding  a  single  bit  to  the  encoding.  Do  ao  till  all 
dominance  relations  are  satisfied. 

4.  Conjunctive  relations  have  to  satisfied  for  each  bit  in  the  encoding. 
If  for  a  given  disjunctive  equality  arc.  a  bit  in  1  he  codes  correspond¬ 
ing  to  the  parent  /siblings  in  the  arc  vioiaies  the  relat  ion,  it  can  only 
be  because  the  bitwise  OR  of  the  siblings  is  a  0  and  the  parent  is  a 
1  (This  is  because  all  the  dominance  relations  have  been  satisfied). 
We  try  the  choices  of  raising  the  bits  in  each  possible  subset  of  the 
siblings  to  a  1  (from  a  0).  At  least  one  of  these  choices  will  not 
violate  the  dominance  relat ionv  However,  an  input  relation  may 
be  violated  and/or  a  dominance  relation  may  no  longer  be  satisfied. 

5.  For  the  input  relations  that  are  not  satisfied,  append  a  set  of  bits 
corresponding  to  the  transpose  of  the  compacted  set  of  relations. 
Go  to  Step  3. 

The  procedure  will  converge  since  the  set  of  relat  ions  is  compatible. 

7.2  Encoding  Via  Boolean  Satisfiability 

The  problem  of  determining  encodeability  fot  a  selection  of  GPIs  and 
finding  an  encoding  within  a  certain  length  that  satisfies  the  constraints 
specified  by  Eqn.  1  can  be  formulated  as  a  Boolean  satisfiability  prob¬ 
lem.  It  should  be  noted  that  Theorem  3.4  gives  conditions  for  a  graph 
obtained  v  ia  a  partiruln »  tflteUou  of  edge*  to  be  encodeable  Hence,  to 
determine  encodeabihty  of  a  set  of  constraints  given  by  Eqn.  1.  one  lias 
to  effectively  try  all  possible  selections. 

Satisfying  Eqn.  1  can  be  viewed  as  satisfying  a  Boolean  expression. 
Given  a  cover  with  a  set  of  symbolic  values  oj.  <>;.  ..  o*  and  a  bound 
on  the  numl>er  of  encoding  bits  that  can  be  used.  B.  one  can  construct 
a  logic  function  corresponding  to  ilie  encodeability  of  a  selection  of 
GPIs.  If  the  logic  function  is  satjsfiable.  then  the  selection  of  GPIs  is 
encodeable  and  an  encoding  can  be  determined  from  any  miulerm  that 
satisfies  the  logic  function. 

Each  of  I  lie  o,  is  represented  a  set  of  B  distinct  variables  1  < 
j  <  B.  We  have  the  constraint  that  the  vectors  corresponding  to  the 
ltJ  have  to  l>e  different  for  all  /.  Tlti«  is  accomodated  by  writing  the 
Boolean  expressions 

4  hi  +  /, 2  +  /jr2  4  ..  4  I,b  Ub  1  <  **  t  <  A',  i  £  k  (3) 

Each  of  these  expressions  has  to  evaluate  to  a  1  (»E  is  the  exclusive-or 
operation).  The  Boolean  expressions  corresponding  to  Eqn.  1  are  the 
equations  themselves  with  fl  replaced  by  a  bitwise  AND,  U  replaced  by 
an  OR  and  =  replaced  by  an  exclusive-nor.  For  example,  an  equation 
Oj  Hoj  U  Oj  nos  =  o i  becomes  a  Boolean  expression 

i(liihi  4  / 11/31 )  O  hi  )((f  17/22  4  /12/32)  C* /»?)  ..  ((h  b^b  +  ®  hs) 

(4) 

where  O  »  the  exclusive-nor  operation.  These  Boolean  expressions  also 
have  to  evaluate  to  a  I  to  satisfy  Eqn.  1.  Thus,  we  have  to  find  0/1 
values  for  all  the  i,j  such  that  Eqns.  3  and  all  Eqns.  4  evaluate  to  a  1. 
If  we  can  find  such  a  set  of  values,  then  we  have  an  encodeable  set  of 
GPU  t»4  an  encoding  for  the  symbolic  values. 

The  state  assignment  snd  four-level  Boolean  mininiizatiou  cases  have 
more  complex  formulations,  since  we  have  input  constraints  as  well  as 
out  put  relations.  We  can  write  a  Boolean  equation  to  check  if  an  input 
constraint  is  satisfied  by  a  given  encoding.  Assume  we  have  Ar  symbolic 
slates  «|.  ..  9p.  Each  s,  is  represented  by  a  set  of  B  distinct  variables 
As  -  lt  2-  -  as  before.  Given  an  arbitrary  input  constraint,  let  the 
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Table  2:  Results  Esing  State  Assignment  Algorithm 


states  that  are  in  the  constraint  be  ..  s,7  and  the  slates  that  air 
not  in  the  constraint  be  sn.  ,.  srft.  The  input  constraint  can  be  written 
as: 

Gf,l  -  fr4t)(b,l  f  r  *  I  1  -•  ( bT  J  b»|)  4 

(hi2  A*2)(b;2  fr*2)  ••  (/»t2  /,,?)  4 

••  4  (b,B  ,  lrkB)(lt,H  ••  (bTfl  1  <  l  <  It  l*>l 

Each  of  the  al>ove  B  equations  lias  lo  evaluate  to  a  1.  Such  expiations 
can  be  written  for  all  the  non-trivia!  constraints  in  a  selected  (,*p|  wt. 
Eqns.  3.  Eqns.  4  and  Eqns.  5  all  have  lo  be  satisfied  in  order  for  a  *<*t 
of  GPIs  to  be  encodeable. 

The  formulation  fot  the  four-level  Boolean  tuinimizal ion  cas«-  j*  him- 
tical.  except  for  the  fact  that  since  some  of  the  symbolic  iniplicanu 
are  allowed  lo  take  on  the  same  code,  we  will  have  Jewer  expression*, 
corresponding  io  Eqns.  3. 

8  Experimental  Results 

In  I  Ills  sect  ion.  Me  present  preliminary  ex  pet  in  rental  result.  Me  have  <>l  ■- 
tainerl  on  "  set  of  examples.  In  onr  current  implementation.  (tenerali?e<! 
prime  impltcants  are  generated  xta  the  procedures  of  Section  3.4. 1  and 
Secion  -4.2. 

The  results  obtained  using  the  output  encoding  algorithm  are  given 
in  Table  J.  In  the  table,  the  numlrer  of  inputs  i0  the  function  (inpt. 
the  number  of  iniiilerms  in  the  original  function  (mini,  the  numlxi 
of  symbolic  values  (val).  the  number  of  binary-valued  outputs  (out), 
the  mmilrer  of  GPIs  generated  (gpi).  the  number  of  product  terms  in 
the  minimized  result  (prod),  (lie  number  of  encoding  bits  (rnc)  and 
the  CPU  time  in  minutes  required  for  GPI  generation,  covering  anil 
encoding  on  a  microvax-lll  (CPU  lime)  are  given  for  earlt  example.  Koi 
example  n5.  the  covering  problem  could  not  Ire  solved  in  less  than  a 
CPU-hour.  For  example  tr6  all  the  GPIs  could  not  Ire  generated  due 
to  memory  limitations.  However,  examples  <r?  and  ir^  which  have 
upto  20  symbolic  values  Itave  been  successfully  encoded.  An  exhaustive 
search  met  hod  is  trot  feasible  for  these  examples. 

Results  obtained  using  the  state  assignntenl  algorithm  are  given  in 
Table  2.  The  number  of  inputs  (inp).  states  (sta).  outputs  (out  I  and 
edges  (edg)  are  indicated  for  each  FSM.  Also,  the  mimlter  of  GPIs  gen¬ 
erated  (gpi).  the  number  of  product  terms  in  a  minimum  encodeable 
result  (prod),  the  number  of  encoding  bits  required  (enc)  and  the  CPI 
time  in  minutes  on  a  microvax-lll  are  given.  Again  for  examples  /smr 
and  f*w6.  an  exacl  solution  could  not  be  found.  An  exhaustive  search 
method  is  only  feasible  for  f$mj. 

We  believe  that  using  lire  transformations  of  Section  6.2  prior  lo 
prime  implicant  generation  will  increase  the  size  of  the  examines  that 
can  be  handled,  since  a  reduced  prime  inipiirant  table  can  be  direct  ly 
constructed. 


9  Symbolic  Don’t  Cares 

Don’t  cares  for  binary -valued  functions  are  simply  represented  and  ex¬ 
ploited  in  logic  minimization.  Functions  with  symbolic  outputs  may 
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Figure  14:  Symbolic  Don't  Cures 


have  associated  don't  care  conditions  with  certain  input  combinations 
as  well.  We  denoted  these  don’t  cares  to  be  aymbolic  don't  cares 

A  symlxdic  don't  care  is  defined  on  the  set  of  symbolic  values  that  the 
function  can  take.  For  instance,  the  cube  1010  in  the  funct  ion  of  Figure 
14  is  a  symbolic  don't  care.  A  symbolic  don't  care  may  encompass 
all  the  symbolic  values  of  the  function  or  only  a  subset.  Cube  'Oil  of 
Figure  14  is  a  don't  care  which  can  take  on  only  a  subset  of  the  complete 
set  of  symbolic  values. 

One  can  produce  an  exact  solution  to  an  output  encoding  problem 
under  an  arbitrary  symbolic  don't  care  set  as  follows.  Add  the  don’t 
care  niinterms  to  the  ON-seis  of  each  of  the  symbolic  values  that  the 
minterm  can  take  GP1*  are  generated  as  before.  However,  we  may 
have  a  situation  where  two  identical  F-cubes  have  tags  such  that  the 
first  one’s  tag  is  a  sul>set  of  the  other.  In  this  case  the  first  F-cubc 
cancels  the  second. 

Given  all  the  GPls.  the  covering  problem  is  solved  as  before  The 
minterms  corresponding  to  the  symlxdic  don’t  cares  have  to  be  covered 
as  well  and  Eqn.  1  lias  to  be  satisfied  for  them,  else  they  may  asseri  an 
invalid  binary  combination  in  the  encoded  cover.  However,  Eqn  1  for 
these  minterms  has  more  choices,  -iuce  a  mitiletm  effectively  belongs  to 
multiple  symbolic  value  ON-sets  (multiple  r„,s  in  tqn.  1).  Any  one  of 
these  constraints  is  to  be  satisfied.  For  example,  we  may  have 

out  l  n  out 2  U  out  1  n  oi//3  =  outi  or  out 2 

for  a  symbolic  don't  care.  Symbolic  don't  cares,  ar**  easily  incorporated 
into  the  Boolean  satisfiability  formulation  of  the  encodeabiliiy  problem 
(Section  7 j. 


10  Conclusions 

In  this  pAper.  we  presented  exact  algorithms  for  the  problems  of  output 
encoding,  state  assignment  and  four-level  Boolean  minimization. 

The  procedures  described  are  much  more  efficient  than  a  straight¬ 
forward.  exhaustive  search  procedure  to  solve  these  problems.  We  pro¬ 
posed  a  novel  minimization  procedure  of  prime  implirant  generation  and 
covering  that  operate*  on  symbolic  out  puis,  rather  than  binary- valued 
outputs,  for  solving  encoding  problems. 

Preliminary  experimental  results  indicate  that  medium-sized  prob¬ 
lem*  ran  be  solved  exactly.  C'ompntai ionally  efficient  heuristic  aj>- 
proache*  based  on  the  exact  algorithm*  have  been  proposed  The  effi¬ 
ciency  and  quality  of  these  heuristic  approaches  is  currently  beuig  eval¬ 
uated. 
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